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Abstract
We prove the transcendence results for the infinite product
∏∞
k=0
Ek(α
rk )
Fk(α
rk )
, where Ek(x), Fk(x) are
polynomials, α is an algebraic number, and r  2 is an integer. As applications, we give necessary and
sufficient conditions for transcendence of
∏∞
k=0(1 + akF
rk
) and
∏∞
k=0(1 + akL
rk
), where Fn and Ln are Fi-
bonacci numbers and Lucas numbers respectively, and {ak}k0 is a sequence of algebraic numbers with
log‖ak‖ = o(rk).
© 2006 Elsevier Inc. All rights reserved.
MSC: 11J81
Keywords: Infinite product; Transcendence; Mahler’s method
1. Introduction and the results
Duverney [1] introduced an inductive method to prove the transcendence of the number
∞∑
k=1
1
a2k + bk
,
where a  2 is an integer and {bk}k1 is a sequence of integers satisfying log |bk| = o(2k) and
a2
k + bk = 0 (k  1). Recently, Duverney and Nishioka [2] developed this method and gave a
E-mail address: bof@math.keio.ac.jp.0022-314X/$ – see front matter © 2006 Elsevier Inc. All rights reserved.
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cient conditions for transcendence of the following numbers
∞∑
k=0
ak
Frk + bk
,
∞∑
k=0
ak
Lrk + bk
,
where {ak}k0 and {bk}k0 are suitable sequences of algebraic numbers, and Fn and Ln are
Fibonacci numbers and Lucas numbers defined by Fn+2 = Fn+1 + Fn (n 0), F0 = 0, F1 = 1
and Ln+2 = Ln+1 + Ln (n  0), L0 = 2, L1 = 1, respectively. The purpose of this paper is
to prove the transcendence of the values of infinite products of the form (1) by modifying the
method in [2].
For an algebraic number α, we denote by |α¯| the maximum of the absolute values of its
conjugates and by den(α) the least positive integer such that den(α)α is an algebraic integer, and
define ‖α‖ = max{|α¯|,den(α)}. Then we have the fundamental inequalities
|α| ‖α‖−2[Q(α):Q] and ∥∥α−1∥∥ ‖α‖2[Q(α):Q]
for nonzero algebraic α (for the second inequality see [5, Lemma 2.10.2]).
Let K be an algebraic number field and OK be the ring of integers in K . Let r  2 and L 1
be integers, and for |x| < 1 let
Φ0(x) =
∞∏
k=0
Ek(x
rk )
Fk(xr
k
)
(1)
with
Ek(x) = 1 +
L∑
i=1
akix
i, Fk(x) = 1 +
L∑
i=1
bkix
i ∈ K[x],
where log‖akl‖, log‖bkl‖ = o(rk), 1 l  L. We suppose that there exists a positive integer D
such that DFk(x) ∈ OK [x] (k  0). Then for algebraic number α satisfying 0 < |α| < 1 and
Ek(α
rk )Fk(α
rk ) = 0 (k  0), we prove the following:
Theorem 1. Φ0(α) is algebraic if and only if Φ0(x) for |x| < 1 is a rational function with
coefficients in K .
It should be noticed that in [2] they proved a similar result for infinite sums. The tools to prove
Theorem 1 are also similar to those in [2], however we need some different techniques.
As applications, we have the following results.
Theorem 2. Let K be an algebraic number field, r  2 be an integer, and
Φ0(x) =
∞∏(
1 + akxrk
)
,k=0
184 Y. Tachiya / Journal of Number Theory 125 (2007) 182–200where {ak}k0 is a sequence in K satisfying log‖ak‖ = o(rk). Let α be an algebraic number
with 0 < |α| < 1 and 1 + akαrk = 0 (k  0). Then Φ0(α) is algebraic if and only if one of the
following conditions holds:
(i) an = 0 for every large n.
(ii) r = 2 and there exists a root of unity ω such that an = ω2n for every large n.
Nishioka [4] proved that the numbers ∏∞k=0(1 − αrk ), r = 2,3,4, . . . , are algebraically inde-
pendent for any fixed algebraic number α with 0 < |α| < 1. Furthermore, Tanaka [6] proved the
algebraic independence of the numbers
∏∞
k=0(1 − αaki ), i = 1,2, . . . , n, for a linear recurrence{ak}k0 and algebraic numbers α1, α2, . . . , αn under some suitable conditions.
In the following, we consider the binary recurrences {Rn}n0 defined by
Rn+2 = A1Rn+1 + A2Rn, A1,A2 ∈ Z \ {0},
where the initial values R0, R1 are integers, not both zero. We suppose that |A2| = 1 and  =
A21 + 4A2 > 0. Then  is not a perfect square and Rn is written as
Rn = g1ρn1 + g2ρn2 , g1, g2 ∈ Q(ρ1)×, (2)
where ρ1 and ρ2 are the roots of Φ(x) = x2 −A1x −A2. By the assumption, A2 = −ρ1ρ2 = ±1.
We may assume |ρ1| > |ρ2|, since A1 = 0 and  > 0. For negative integer n, we define Rn by (2).
Theorem 3. Let r  2, c  1, and d be integers and Rn be a binary recurrence given by (2).
Let K be an algebraic number field and {ak}k0 be a sequence in K satisfying ak = −Rcrk+d
(k > 0) and log‖ak‖ = o(rk). Then
∞∏
k=0
R
crk+d =0
(
1 + ak
Rcrk+d
)
is algebraic if and only if at least one of the following conditions is satisfied:
(i) an = 0 for every large n.
(ii) r = 2 and an = Rd for every large n.
(iii) r = 2, g1ρd1 = g2ρd2 , and there exists a root of unity ω such that an = g1ρd1 (ω2
n +ω−2n) for
every large n.
In the following examples, let {ak}k0, r , c, and d be as in Theorem 3.
Example 1. Let Fn be Fibonacci numbers defined above. Then
∞∏
k=0
crk+d =0
(
1 + ak
Fcrk+d
)
is algebraic if and only if at least one of the following conditions holds:
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(ii) r = 2 and an = Fd for every large n.
In particular,
∞∏
k=0
(
1 + ak
Frk
)
is algebraic if and only if an = 0 for all large n.
Example 2. Let Ln be Lucas numbers defined above. Then
∞∏
k=0
(
1 + ak
Lcrk+d
)
is algebraic if and only if at least one of the following conditions is satisfied:
(i) an = 0 for every large n.
(ii) r = 2 and an = Ld for every large n.
(iii) r = 2, d = 0, and there exists a root of unity ω such that an = ω2n +ω−2n for every large n.
In particular, for any integer a = 0 and r  2 the number ∏∞k=1,L
rk
=−a(1 + aL
rk
) is transcen-
dental, except for two algebraic cases
∞∏
k=1
(
1 + −1
L2k
)
=
√
5
4
,
∞∏
k=1
(
1 + 2
L2k
)
= √5,
which are obtained from the case (iii) with ω = 1±
√−3
2 and ω = ±1, respectively. These exam-
ples of algebraic infinite products involving Lucas numbers seem to be new.
2. Transcendence of Φ0(α)
For a formal power series f (x) =∑∞n=l anxn ∈ K[[x]] with al = 0, we define ordf (x) = l.
Lemma 1. Let Φ0(x) be given in (1). Suppose that for every positive integer m there exists a
positive constant c(m) such that
ord
(
A0(x) + A1(x)Φ0(x)m
)
 c(m)M (3)
for any M  1 and any polynomials A0(x),A1(x) ∈ K[x], not both zero, satisfying degA0(x),
degA1(x)M . Then for any integer d  1 there exists a positive constant cd such that
ord
(
A0(x) + A1(x)Φ0(x) + · · · + Ad(x)Φ0(x)d
)
 cdM (4)
for any M  1 and any polynomials A0(x),A1(x), . . . ,Ad(x) ∈ K[x], not all zero, satisfying
degAi(x)M (0 i  d).
186 Y. Tachiya / Journal of Number Theory 125 (2007) 182–200Proof. We use induction on d . Let
Φn(x) =
∞∏
k=0
En+k(xr
k
)
Fn+k(xrk )
, Tn(x) =
n−1∏
k=0
Ek(x
rk )
Fk(xr
k
)
.
Then we have the functional equation
Φn
(
xr
n)= Φ0(x)
Tn(x)
= Φ0(x)
n−1∏
k=0
Fk(x
rk )
Ek(xr
k
)
. (5)
We put S = Φ0(x). If d = 1, (4) is the same as (3) with m = 1. For a given d  2, we suppose
that there exist positive constants cj such that
ord
(
B0(x) + B1(x)S + · · · + Bj (x)Sj
)
 cjM, j = 1,2, . . . , d − 1, (6)
for any B0(x), . . . ,Bj (x) ∈ K[x], not all zero, satisfying degBi(x) M (0  i  j ). We may
assume cj  1 (1 j  d − 1) and Ad(x) = 0. Then we can choose nonzero polynomial Qn(x)
with degQn(x) d2L such that the terms of degree d2L+1, . . . , d2L+dL vanish in the Taylor
expansion of Qn(x)Φn(x)i (1 i  d). So we obtain
Qn(x)Φn(x)
i − Pni(x) = xd2L+dL+1Gni(x), 1 i  d, (7)
where Pni(x) ∈ K[x] with degPni(x)  d2L (1  i  d) and Gni(x) =∑∞l=0 gnilxl ∈ K[[x]].
Then we have
ordGnd(x) c(d)dL(d + 1). (8)
To show (8), we replace x by xrn in (7) for i = d . Then we have by using the functional
equation (5)
Qn
(
xr
n)( S
Tn(x)
)d
− Pnd
(
xr
n)= xrn(d2L+dL+1)Gnd(xrn).
Putting Cn(x) =∏n−1k=0 Ek(xrk ), Dn(x) =∏n−1k=0 Fk(xrk ) and multiplying both sides by Cn(x)d ,
we get
Dn(x)
dQn
(
xr
n)
Sd − Cn(x)dPnd
(
xr
n)= xrn(d2L+dL+1)Cn(x)dGnd(xrn),
where degDn(x)dQn(xr
n
), degCn(x)dPnd(xr
n
) dL(d +1)rn. Since ordCn(x)d = 0, we have
ordGnd(xr
n
) c(d)dL(d + 1)rn by (3), which implies (8).
We define Pn0(x) = Qn(x) and Gn0(x) = 0. Replacing x by xrn in (7), we have for each
i = 0,1, . . . , d ,
Qn
(
xr
n)( S )i − Pni(xrn)= x(d2L+dL+1)rnGni(xrn).
Tn(x)
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Dn(x)
dQn
(
xr
n) d∑
i=0
Ai(x)S
i − Dn(x)d
d∑
i=0
Ai(x)Tn(x)
iPni
(
xr
n)
= x(d2L+dL+1)rnDn(x)d
d∑
i=0
Ai(x)Tn(x)
iGni
(
xr
n)
, (9)
where
d∑
i=0
Ai(x)Tn(x)
iGni
(
xr
n)= ∞∑
l=0
d∑
i=0
gnilAi(x)Tn(x)
ixlr
n
.
Let q be the least integer l such that gnilAi(x) = 0 for some i. Then we see q  c(d)dL(d + 1)
by (8). We define s by
(
gn0qA0(x), gn1qA1(x), . . . , gndqAd(x)
)= (0, gn1qA1(x), . . . , gnsqAs(x),0, . . . ,0),
where gnsqAs(x) = 0. Then we have
d∑
i=0
Ai(x)Tn(x)
iGni
(
xr
n)≡ S s−1∑
i=0
gni+1qAi+1(x)Sixqr
n (
mod x(1+q)rn
)
. (10)
Let n be the positive integer such that
rn−1  cs−1M < rn. (11)
Since ordDn(x)dS = 0, we have by (6)
ord
(
Dn(x)
dS
s−1∑
i=0
gni+1qAi+1(x)Sixqr
n
)
 cs−1M + qrn < (1 + q)rn.
This together with (10) implies
Dn(x)
d
d∑
i=0
Ai(x)Tn(x)
iGni
(
xr
n) ≡ 0 (mod x(1+q)rn).
Furthermore, we see by (11)
deg
(
Dn(x)
d
d∑
i=0
Ai(x)Tn(x)
iPni
(
xr
n))M + dLrn + d2Lrn
<
(
d2L + dL+ 1)rn. (12)
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∑d
i=0 Ai(x)Tn(x)iPni(xr
n
) = 0. Then we get by (9), (11) and (12)
ord
(
d∑
i=0
Ai(x)S
i
)
<
(
d2L + dL + 1)rn  (d2L + dL + 1)rcs−1M.
If Dn(x)d
∑d
i=0 Ai(x)Tn(x)iPni(xr
n
) = 0, we have by (9) and (11)
ord
(
d∑
i=0
Ai(x)S
i
)
<
(
d2L + dL+ 1)rn + (q + 1)rn  dL(d + c(d)(d + 1)+ 2)rcs−1M.
In any case, we obtain (4) with cd = dL(d + c(d)(d + 1) + 2)r · max1i<d ci . Lemma 1 is
proved. 
Theorem 4. Let Φ0(x) and α be given in Theorem 1. Then Φ0(α) is transcendental under the
assumption (3).
This theorem plays an important role in the proof of Theorem 1. For the proof of Theorem 4,
we apply the following lemma of Loxton and van der Poorten [3] as follows:
Lemma 2 (A special case of Theorem 2.9.1 in [5]). Let
Φn(x) =
∞∏
k=0
En+k(xr
k
)
Fn+k(xrk )
, n 0,
and the algebraic number α be given in Theorem 1. If the following properties are satisfied, then
Φ0(α) is transcendental.
(I) Φn(αrn) = anΦ0(α) + bn (n 0), where an, bn ∈ K and log‖an‖, log‖bn‖ = O(rn).
(II) Let Φn(x) =∑∞l=0 σ (n)l xl . Then for any ε > 0 we have
log
∥∥σ (n)l ∥∥ εrn(1 + l)
for every large n and l  0.
(III) Let {sl}l0 be variables and F(x; s) = F(x; {sl}l0) =∑∞l=0 slxl such that
F
(
x;σ (n))= F (x;{σ (n)l }l0)= Φn(x), n 0.
Let P0(x, s), . . . ,Pd(x, s) be polynomials in K[x, {sl}l0] and
E(x, s) =
d∑
j=0
Pj (x, s)F (x, s)
j .
Then there exists an I > 0 with ordE(x,σ (n)) I for every large n, provided that P0(x, σ (n)),
. . . ,Pd(x, σ
(n)) are not all zero.
Y. Tachiya / Journal of Number Theory 125 (2007) 182–200 189Proof of Theorem 4. We will check the properties in Lemma 2. The property (I) follows imme-
diately from the equality
Φn
(
αr
n)= Φ0(α) n−1∏
k=0
Fk(α
rk )
Ek(αr
k
)
.
Lemma 3. For any θ > 1, we have
∥∥σ (n)l ∥∥ θ lrn , l  0,
for every large n.
Proof. Let θ > 1 and
∑∞
k=0 akxk 
∑∞
k=0 bkxk mean |ak| bk for all k. Similarly to the proof
of Lemma 2 in [2], we get
Ek(x)
Fk(x)
 1 + θ2rk x + · · · + θ2lrk xl + · · ·
for large k and so
Φn(x) 
∞∑
l=1
( ∑
λ0+λ1r+···+λ[logr l]r [logr l]=l
0λi[l/ri ]
θ2lr
n
)
xl,
where
∑
λ0+λ1r+···+λ[logr l]r [logr l]=l
0λi[l/ri ]
θ2lr
n  θ3lrn
for every large n and l  0. Hence we have |σ (n)l |  θ3lr
n for every large n and l  0. Since∏L
l=1 den(akl) θLr
k
and Dbkl ∈ OK (1 l  L), we have
den
(
σ
(n)
l
)

[logr l]∏
k=0
(
θLr
n+k
D[l/rk]
)
 θ2Llrnd2l  θ3Llrn
for every large n and l  0. The proof of Lemma 3 is proved. 
Finally, we check the property (III). Let degx Pj (x, s)N (0 j  d) and ordE(x,σ (n)) =
In. Then we have
Inr
n = ordE(xrn, σ (n))= ord
(
d∑
Pj
(
xr
n
, σ (n)
)
Φn
(
xr
n)j)
.j=0
190 Y. Tachiya / Journal of Number Theory 125 (2007) 182–200Letting Cn(x) and Dn(x) be given in the proof of Lemma 1, we obtain
Cn(x)
d
d∑
j=0
Pj
(
xr
n
, σ (n)
)
Φn
(
xr
n)j = d∑
j=0
Pj
(
xr
n
, σ (n)
)
Cn(x)
d−jDn(x)jSj ,
where degPj (xr
n
, σ (n))Cn(x)
d−jDn(x)j  (N + dL)rn, if Pj (xrn, σ (n)) = 0. Hence we get by
Lemma 1
ordE
(
xr
n
, σ (n)
)
 cd(N + dL)rn,
provided that P0(x, σ (n)), . . . ,Pd(x, σ (n)) are not all zero. This implies In  cd(N +dL), which
is the property (III).
Therefore Theorem 4 follows from Lemma 2. 
3. Proof of Theorem 1
For each positive integer m we consider (mL,mL) Padé approximants to Φn(x)m. Letting
Φn(x) =∑∞l=0 σ (n)l xl , we have
∞∑
l=0
τ
(n)
m,lx
l = Φn(x)m =
∞∑
l=0
∑
i0+···+im=l
σ
(n)
i1
· · ·σ (n)im xl.
Then by Lemma 3 we get for any θ > 1
∣∣τ (n)m,l∣∣ ∑
i1+···+im=l
∣∣σ (n)i1 ∣∣ · · · ∣∣σ (n)im ∣∣ ∑
i1+···+im=l
θmlr
n  (1 + l)mθmlrn  θ2mlrn (13)
for sufficiently large n. Let now Am,n(x) =∑mLl=0 a(n)m,lxl and
Am,n(x)Φn(x)
m =
∞∑
l=0
∑
i1+i2=l
a
(n)
m,i1
τ
(n)
m,i2
xl,
where the set of algebraic integers a(n)m,i1 in K is chosen as the nontrivial solution of the system
of linear homogeneous equations∑
i1+i2=l
a
(n)
m,i1
τ
(n)
m,i2
= 0, l = mL + 1, . . . ,2mL.
The number of variables and equations are mL + 1 and mL, respectively. Hence, by Siegel’s
lemma (cf. [5, Lemma 1.4.2]) and by |τ (n)m,i2 | θ4m
2Lrn (i2  2mL) this system has a nontrivial
algebraic integer solution satisfying the inequality |a(n)m,l | < c1θc2r
n
, where c1 and c2 are positive
constants independent of n. Therefore we have
log
∥∥a(n)∥∥< log c1 + c2rn log θ, l = 0, . . . ,mL,m,l
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Bm,n(x) =
mL∑
l=0
∑
i1+i2=l
a
(n)
m,i1
τ
(n)
m,i2
xl,
so that the log‖ ‖ of the coefficients of Bm,n(x) are o(rn). Thus there exist nonzero polynomials
Am,n(x), Bm,n(x) ∈ K[x] with degAm,n(x), degBm,n(x)mL such that
Am,n(x)Φn(x)
m − Bm,n(x) = O
(
x2mL+1
)
. (14)
Now we use the following theorem.
Theorem 5. [2, Theorem 5] Let K be a commutative field and c1, c2, c3 be real numbers with
0 < c1 < c2, c3  1. Let {m(n)}n0 be an increasing sequence of nonnegative integers satisfying
m(n+ 1)−m(n) c3. Let r  2 be an integer and f (x) ∈ K[[x]]. Suppose that for large n there
exists a sequence {(Pn(x),Qn(x))}n0 in K[x]2 satisfying
Pn(x)Qn+1(x) − Pn+1(x)Qn(x) = 0, (15)
degQn(x), degPn(x) c1rm(n), (16)
ord
(
Qn(x)f (x) − Pn(x)
)
 c2rm(n). (17)
Then for every (P (x),Q(x)) ∈ K[x]2 with Q(x) = 0 and degP(x),degQ(x)M , M  1,
ord
(
Q(x)f (x) − P(x)) (c1rm(0)+2c3
(
1 + 1
c2 − c1
)
+ 1
)
M.
Replacing x by xrn in (14) and using the functional equation (5), we have
Q∗m,n(x)Φ0(x)m − P ∗m,n(x) = O
(
x(2mL+1)rn
)
,
where
Q∗m,n(x) = Am,n
(
xr
n) n−1∏
k=0
Fk
(
xr
k )m
, P ∗m,n(x) = Bm,n
(
xr
n) n−1∏
k=0
Ek
(
xr
k )m
.
Since degQ∗m,n(x), degP ∗m,n(x)  2mLrn, the sequence {(Pm,n,Qm,n)}n0 = {(P ∗m,l(m,n),
Q∗m,l(m,n))}n0 satisfies hypotheses (16) and (17) of Theorem 5 for every increasing sequence{l(m,n)}n0. We define
Dm,n(x) =
∣∣∣∣ Am,n(x) Bm,n(x)Am,n+1(xr )Fn(x)m Bm,n+1(xr )En(x)m
∣∣∣∣ ,
m,n(x) =
∣∣∣∣ Q∗m,n(x) P ∗m,n(x)Q∗m,n+1(x) P ∗m,n(x)
∣∣∣∣ .
192 Y. Tachiya / Journal of Number Theory 125 (2007) 182–200Lemma 4. m,n(x) = 0 if and only if Dm,n(x) = 0, that is,
(
En(x)
Fn(x)
)m
= Bm,n(x)Am,n+1(x
r )
Am,n(x)Bm,n+1(xr )
.
Proof. By definition, m,n(x) = 0 if and only if∣∣∣∣ Am,n(xr
n
) Bm,n(x
rn)
Am,n+1(xr
n+1
)Fn(x
rn)m Bm,n+1(xr
n+1
)En(x
rn)m
∣∣∣∣= 0,
which is equivalent to
Dm,n(x) =
∣∣∣∣ Am,n(x) Bm,n(x)Am,n+1(xr )Fn(x)m Bm,n+1(xr )En(x)m
∣∣∣∣= 0. 
Lemma 5. Suppose that Dm,n(x) = 0. Then
ord
(
Am,n(x)Φn(x)
m − Bm,n(x)
)
 r(2mL + 1).
Proof. This can be proved similarly as the proof of Lemma 4 in [2]. 
Lemma 6. For each positive integer m, we define
fm,n(x) = 1 − Am,n(x)
Bm,n(x)
Φn(x)
m.
Let I be a positive integer and α be an algebraic number with 0 < |α| < 1. Then there exists a
positive number ηm < 1 such that
0 <
∣∣fm,n(αrn)∣∣< ηrnm
for every large n satisfying ordfm,n(x) I .
Proof. We may assume Am,n(0) = Bm,n(0) = 1 by (14). Let θ > 1 and Am,n(x)/Bm,n(x) =∑∞
l=0 μ
(n)
m,lx
l
. Then we obtain ‖μ(n)m,l‖  θ lr
n for every large n and l  0. Letting Φn(x)m =∑∞
l=0 τ
(n)
m,lx
l
, we have by (13) |τ (n)m,l | θ2mlr
n
. On the other hand, we see
den τ (n)m,l 
[logr l]∏
k=0
((
θL
)rn+k
D[l/rk]
)m  (θ3mL)lrn
for every large n and l  0. Hence we get ‖τ (n)m,l‖ (θ3mL)lr
n
. Therefore we obtain
fm,n(x) = 1 −
( ∞∑
μ
(n)
m,lx
l
)( ∞∑
τ
(n)
m,lx
l
)
=
∞∑( ∑
μ
(n)
m,i1
τ
(n)
m,i2
)
xl,l=0 l=0 l=1 i1+i2=l
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i1+i2=l
μ
(n)
m,i1
τ
(n)
m,i2
∣∣∣∣ (θ4mL)lrn , den
( ∑
i1+i2=l
μ
(n)
m,i1
τ
(n)
m,i2
)

(
θ5mL
)lrn
. (18)
Let fm,n(x) =∑∞l=h ν(n)m,lxl with ν(n)m,h = 0 and 1 h I . Then we have
fm,n
(
αr
n)= ν(n)m,hαhrn
(
1 + ν
(n)
m,h+1
ν
(n)
m,h
αr
n + ν
(n)
m,h+2
ν
(n)
m,h
α2r
n + · · ·
)
.
By the inequality (18) we get ‖ν(n)m,h‖ (θ5mL)hr
n
, and so
∣∣∣∣ν
(n)
m,h+l
ν
(n)
m,h
∣∣∣∣ (θ5mL)(1+2[K:Q])hrn(θ5mL)lrn , l  1.
Hence
∣∣∣∣ν
(n)
m,h+l
ν
(n)
m,h
αlr
n
∣∣∣∣ (θ5mL)(1+2[K:Q])I rn ∣∣θ5mLα∣∣lrn .
We choose θ > 1 such ηm = (θ5mL)(1+2[K:Q])I |θ5mLα| < 1. Then we obtain
∣∣∣∣ν
(n)
m,h+l
ν
(n)
m,h
αlr
n
∣∣∣∣ ηlrnm ,
so that
0 <
∣∣fm,n(αrn)∣∣< 2∣∣θ5mLα∣∣hrn < ηrnm
sufficiently large n; which implies the lemma. 
Lemma 7. Φ0(α) is algebraic if and only if Φ0(x)m for |x| < 1 is a rational function with
coefficients in K for some positive integer m.
Proof. We prove that if Φ0(α) is algebraic then there exists a positive integer m such that
m,n(x) = 0 for every large n, which implies Φ0(x)m for |x| < 1 is a rational function by
Lemma 4. Suppose that for every integer m there exist infinitely many n satisfying m,n(x) = 0.
Denote by {l(m,n)}n0 the sequence satisfying
m,l(m,n)(x) = 0, m,k(x) = 0
for every n 0 and every k with l(m,n) < k < l(m,n + 1). Then two cases occur:
(i) For every m, l(m,n + 1)− l(m,n) Cm for some positive constant Cm.
194 Y. Tachiya / Journal of Number Theory 125 (2007) 182–200Then it is clear that the determinant∣∣∣∣ Q∗m,l(m,n)(x) P ∗m,l(m,n)(x)Q∗m,l(m,n+1)(x) P ∗m,l(m,n+1)(x)
∣∣∣∣=
∣∣∣∣ Qm,n(x) Pm,n(x)Qm,n+1(x) Pm,n+1(x)
∣∣∣∣ = 0,
namely, condition (15) in Theorem 5 is satisfied. Now by Theorem 5 we see that assumptions (3)
holds. Hence we can apply Theorem 4 and find that Φ0(α) is transcendental.
(ii) limn→∞(l(m,n + 1) − l(m,n)) = +∞ for some m.
We have by Lemma 4
(
Ek(x)
Fk(x)
)m
= Bm,k(x)Am,k+1(x
r )
Am,k(x)Bm,k+1(xr )
for every k satisfying l(m,n) < k < l(m,n + 1), so that
l(m,n+1)−1∏
k=l(m,n)+1
(
Ek(x
rk )
Fk(xr
k
)
)m
= Bm,l(m,n)+1(x
rl(m,n)+1)Am,l(m,n+1)(xr
l(m,n+1)
)
Am,l(m,n)+1(xrl(m,n)+1)Bm,l(m,n+1)(xrl(m,n+1) )
. (19)
Let
fm,l(m,n+1)(x) = Am,l(m,n+1)(x)
Bm,l(m,n+1)(x)
Φl(m,n+1)(x)m − 1,
where we may assume Am,l(m,n+1)(0) = Bm,l(m,n+1)(0) = 1. Since m,l(m,n+1)(x) = 0, we have
Dm,l(m,n+1)(x) = 0 by Lemma 4. Hence we get by Lemma 5
ordfm,l(m,n+1)(x) ord
(
Am,l(m,n+1)(x)Φl(m,n+1)(x)m − Bm,l(m,n+1)(x)
)
 r(2mL + 1).
Then by Lemma 6 we see that there exists a positive number ηm < 1 such that
0 <
∣∣fm,l(m,n+1)(αrl(m,n+1))∣∣< ηrl(m,n+1)m (20)
for every large n. Since
Φ0(x)
m =
l(m,n)∏
k=0
(
Ek(x
rk )
Fk(xr
k
)
)m l(m,n+1)−1∏
k=l(m,n)+1
(
Ek(x
rk )
Fk(xr
k
)
)m
Φl(m,n+1)
(
xr
l(m,n+1))m
,
we get by (19)
fm,l(m,n+1)
(
αr
l(m,n+1))Bm,l(m,n)+1(αrl(m,n)+1)
Am,l(m,n)+1(αrl(m,n)+1)
l(m,n)∏
k=0
(
Ek(α
rk )
Fk(αr
k
)
)m
= Φ0(α)m −
l(m,n)∏ (Ek(αrk )
Fk(αr
k
)
)m
Bm,l(m,n)+1(αr
l(m,n)+1
)
Am,l(m,n)+1(αrl(m,n)+1)
.k=0
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l(m,n+1)
) is also
algebraic and there exists a constant Cm > 1 such that
∥∥fm,l(m,n+1)(αrl(m,n+1))∥∥ Crl(m,n)m . (21)
These inequalities (20) and (21) contradict the fundamental inequality recalled in Section 1 if n
is large. Hence Φ0(α) is transcendental, also in this case. The converse is trivial. 
The next lemma together with Lemma 7 implies Theorem 1.
Lemma 8. Φ0(x) for |x| < 1 is a rational function with coefficients in K if and only if Φ0(x)m
for |x| < 1 is so for some positive integer m.
Proof. Suppose that Φ0(x)m for |x| < 1 is in K(x) for some integer m  1. Then Φ0(α) is
algebraic. By the proof of Lemma 7 there exists a positive integer m′ such that m′,n(x) = 0 for
every large n, that is,
(
En(x)
Fn(x)
)m′
= Bm′,n(x)Am′,n+1(x
r )
Am′,n(x)Bm′,n+1(xr )
, nN. (22)
Let Φ0(x)m = P(x)/Q(x), P(x),Q(x) ∈ K[x]. Then we obtain
(
n−1∏
k=0
Ek(x
rk )
Fk(xr
k
)
)mm′(
Bm′,n(xr
n
)
Am′,n(xr
n
)
)m
= Φ0(x)mm′ =
(
P(x)
Q(x)
)m′
, nN. (23)
We remark that here we have used the fact |x| < 1 and the growth property of the coefficients of
Am′,n(x) and Bm′,n(x). We can put
Bm′,n(x)
Am′,n(x)
= Cn(x)pn(x)m′, P (x)
Q(x)
= R(x)qn(x)m,
where pn(x), qn(x) ∈ K(x)×, pn(0) = 1 and Cn(x),R(x) ∈ K[x] with orders less than m′ and m
at each zero, respectively. Since Bm′,n(x)/Am′,n(x) = 1 + O(x), we may assume Cn(0) = 1.
Then Cn(x) = 1 for every large n. To see this, we suppose that degCn(x) 1 for some large n.
Let α = 0 be one of the roots of Cn(x). Then by (23) every choice α 1rn of the rnth roots of α is
a root of R(x), since Cn(xr
n
)m ∈ R(x)m′(K(x)×)mm′ and the fact the order of Cn(xrn) at α 1rn is
less than m′. This implies rn  degR(x), which is a contradiction if n is large. Hence we obtain
Bm′,n(x)
Am′,n(x)
=
(
Bn(x)
An(x)
)m′
, nM, (24)
for some An(x),Bn(x) ∈ K[x] satisfying An(0) = Bn(0) = 1, (An(x),Bn(x)) = 1, and
degAn(x),degBn(x)L. Therefore we get by (22)
En(x) = Bn(x)An+1(x
r )
r
, nM. (25)Fn(x) An(x)Bn+1(x )
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Am′,n(x) =
m′L∑
i=0
ai,nx
i, An(x) =
L∑
i=0
ci,nx
i,
where log‖al,n‖ = 0(rn) (1  l  m′L) and a0,n = c0,n = 1 (n M). Then we have by (24)
Am′,n(x) = An(x)m′ (nM), that is,
am′L,nx
m′L + am′L−1,nxm′L−1 + · · · + 1 =
(
cL,nx
L + cL−1,nxL−1 + · · · + 1
)m′
. (26)
Since a1,n = m′c1,n, we see log‖c1,n‖ = o(rn). Suppose that log‖ck,n‖ = o(rn) (1 k  i − 1).
Then by (26) we obtain for i  L
ai,n =
∑
i1+···+im′=i
0iji
ci1,n · · · cim′ ,n = m′ci,n +
∑
i1+···+im′=i
0iji−1
ci1,n · · · cim′ ,n.
So we get
‖ci,n‖m′
(
Lm
′ + 1)‖ai,n‖ max
0ki−1
‖ck,n‖m′Lm
′
.
Hence we see that log‖ci,n‖ = o(rn) (1  i  L). Similarly to the way as above, we see that
the log‖ ‖ of coefficients of Bn(x) are o(rn). Thus Φ0(x) for |x| < 1 rational function with
coefficients in K . The converse is trivial and hence the proof of Lemma 8 is completed. 
4. Applications
To apply Theorem 1, we must study the rationality of the function Φ0(x) for |x| < 1. Theo-
rem 2 follows from the following theorem.
Theorem 6. Let Φ0(x) be given in Theorem 1. Suppose that L r − 1. Then Φ0(x) for |x| < 1
is a rational function if and only if one of the following cases holds:
(i) En(x) = Fn(x) for every large n.
(ii) En(x) =∑r−1k=0(ηrnx)k and Fn(x) = 1 for every large n, where η is a root of unity.
(iii) En(x) = 1 and Fn(x) =∑r−1k=0(ωrnx)k for every large n, where ω is a root of unity.
(iv) En(x) =∑r−1k=0(ηrnx)k and Fn(x) =∑r−1k=0(ωrnx)k for every large n, where η and ω are
roots of unity with η = ω.
Proof. By (25) in the proof of Lemma 8, Φ0(x) for |x| < 1 is a rational function if and only if
En(x)
Fn(x)
= Bn(x)An+1(x
r )
An(x)Bn+1(xr )
, nN, (27)
where degAn(x),degBn(x)  r − 1, An(0) = Bn(0) = 1, (An(x),Bn(x)) = 1, and the
log‖ ‖ of coefficients of An(x) and Bn(x) are o(rn). Let s1 = limn→∞ degAn(x). Since
Y. Tachiya / Journal of Number Theory 125 (2007) 182–200 197(An(x
r),Bn(x
r )) = 1, we have by (27) degAn+1(xr )− degAn(x) L, that is, r degAn+1(x)
2(r − 1). Hence we get s1  1. By the same way, we obtain s2 = limn→∞ degBn(x) 1. There-
fore four cases occur.
The case (s1, s2) = (0,0) means An(x) = Bn(x) = 1 for every large n, then we have the
case (i). Next we consider the case (s1, s2) = (1,1). If An(x) = 1 for some n  N , we have
by (27)
En(x)
Fn(x)
= Bn(x)An+1(x
r )
Bn+1(xr )
.
Since degEn(x)  r − 1 and An+1(xr ) divides En(x), we get An+1(x) = 1. This contradicts
s1 = 1. Therefore there exist ηn ∈ K× such that An(x) = 1 − ηnx (nN). By the same way, we
see that there exist ωn ∈ K× such that Bn(x) = 1 − ωnx (nN ). Hence it follows that ηn = ωn
and
En(x)
Fn(x)
= (1 − ωnx)(1 − ηn+1x
r)
(1 − ηnx)(1 − ωn+1xr) , n > N.
Since degEn(x), degFn(x) r − 1 and 1 − ηn+1xr | En(x)(1 − ηnx), 1 − ωn+1xr | Fn(x)(1 −
ωnx), we have 1−ηnx | 1−ηn+1xr and 1−ωnx | 1−ωn+1xr , that is, ηrn = ηn+1 and ωrn = ωn+1.
Therefore there exist algebraic numbers η and ω such that ηn = ηrn and ωn = ωrn (nN ). From
the growth condition on the coefficients of En(x) and Fn(x), we have ‖η‖ = ‖ω‖ = 1 and hence
we see by Kronecker’s theorem that η and ω are roots of unity. Thus we get (iv) in Theorem 6.
By the similar arguments, we find the cases (ii) and (iii) from the cases (s1, s2) = (1,0), (0,1),
respectively. The converse is trivial. 
Proof of Theorem 2. Theorem 2 follows immediately from Theorems 1 and 6. 
To prove Theorem 3, we show the following theorem.
Theorem 7. Let K be an algebraic number field, r  2 be an integer, and
Φ0(x) =
∞∏
k=0
(
1 + akx
rk
1 − bx2rk
)
,
where b ∈ K×, ak ∈ K for every k, and log‖ak‖ = o(rk). Then Φ0(x) for |x| < 1 is a rational
function if and only if at least one of the following cases holds:
(i) an = 0 for every large n.
(ii) r = 2 and an = 1 − b for every large n.
(iii) r = 2, b = −1 and there exists a root of unity ω such that an = ω2n +ω−2n for every large n.
Proof. Suppose that Φ0(x) for |x| < 1 is in K(x). If r  3, then an = 0 for every large n by
Theorem 6. In what follows, we assume r = 2. Then by (25) in the proof of Lemma 8 there exist
An(x), Bn(x) ∈ K[x] such that
1 + anx 2 =
Bn(x)An+1(x2)
2 , nN, (28)1 − bx An(x)Bn+1(x )
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coefficients of An(x) and Bn(x) are o(rn). Let s1 and s2 be as in the proof of Theorem 6. Then
we see s1, s2  2, and so the following five cases occur.
(1) (s1, s2) = (0,0). This means an = 0 for every large n, which implies (i).
(2) (s1, s2) = (1,0), (2,0). Since s2 = 0, we have
1 + anx
1 − bx2 =
An+1(x2)
An(x)
, nM. (29)
If degAn(x) = 1 for some nM , then (29) gives 2 + 2 degAn+1(x) = 3, which is impossible.
Hence the case (1,0) cannot occur. In the case (2,0) we have degAn(x) = 2 for some nM , so
that degAn+1(x) = 1 by (29). Furthermore (29) yields 2 + 2 degAn+2(x) = 3. Thus case (2,0)
is impossible. Similarly the cases (s1, s2) = (1,0), (0,2) cannot occur.
(3) (s1, s2) = (2,1). Now degBn(x)  1 for all n M . By (28), if degAn(x)  1 for some
nM , then degAn+1(x) 1, whence degAn+l (x) 1 for all l  1, which contradicts s1 = 2.
Hence degAn(x) = 2 (nM). Therefore we get by (28) 2 degBn+1(x) = 2 + degBn(x) for all
nM , which contradicts the fact s2 = 1. Similarly the case (s1, s2) = (1,2) cannot occur.
(4) (s1, s2) = (1,1). Since s1 = 1, we have degAn(x) = 1 for some n  M . Then if
degAn+1(x) = 0, (28) has two distinct poles and so we get degBn+1(x) = 1. This is a contradic-
tion. Hence degAn(x) = 1 (n M). By the same way, we have degBn(x) = 1 (n M). Thus
there exist ηn,ωn ∈ K×, ηn = ωn such that An(x) = 1 − ηnx and Bn(x) = 1 − ωnx (nM), so
that we obtain
1 + anx
1 − bx2 =
(1 − ωnx)(1 − ηn+1x2)
(1 − ηnx)(1 − ωn+1x2) , nM.
Then we see an = 0 and ωn = b (nM+1). Hence we have 1−bx | 1+anx−bx2 (nM+1).
Therefore we get an = 1 − b for every large n, which implies (ii).
(5) (s1, s2) = (2,2). Suppose that degAn(x)  1 for some n  M . Then we have
degAn+1(x)  1, since (An+1(x2),Bn+1(x2)) = 1 in (28). This contradicts s1 = 2 and so
we have degAn(x) = 2 (n  M). By the same way, we have degBn(x) = 2 (n  M). We
put An(x) = (1 − ωnx)(1 − ω′nx) and Bn(x) = (1 − ηnx)(1 − η′nx) for every n M , where
ωn,ω
′
n, ηn, η
′
n = 0. Then we have
1 − bx2 = Bn+1(x
2)
Bn(x)
= (1 − ηn+1x
2)(1 − η′n+1x2)
(1 − ηnx)(1 − η′nx)
, nM.
Hence we get ηn+1 = b or η′n+1 = b (nM). We may assume η′n = b, so that
1 − ηn+1x2 = (1 − ηnx)(1 − bx), nM + 1.
Therefore we have ηn = −b and ηn+1 = −b = b2, that is b = −1 (n M + 1). On the other
hand, we get by (28)
1 + anx + x2 =
(1 − ωn+1x2)(1 − ω′n+1x2)
′ , nM.(1 − ωnx)(1 − ωnx)
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Hence an = 0 (n M + 1) and so we may assume 1 − ωnx | 1 − ωn+1x2 and 1 − ω′nx | 1 −
ω′n+1x2. Thus, we have ωn+1 = ω2n, so that ωn = ω2
n (nM + 1) for some algebraic number ω.
Since ωnω′n = 1 (nM), we obtain
an = ωn + ω′n = ω2
n + ω−2n , nM + 1.
By Kronecker’s theorem and the growth condition on an, we see that ω is a root of unity. This
implies (iii).
The converse follows from the equalities for |x| < 1
∞∏
k=0
(
1 + (1 − b)x
2k
1 − bx2k+1
)
=
∞∏
k=0
(1 + x2k )(1 − bx2k )
1 − bx2k+1 =
1 − bx
1 − x
and
∞∏
k=0
(
1 + (ω
2k + ω−2k )x2k
1 − x2k+1
)
=
∞∏
k=0
(1 + ω2k x2k )(1 + ω−2k x2k )
1 + x2k+1
= (1 − x
2)
(1 − ωx)(1 − ω−1x) . 
Proof of Theorem 3. If k N , Rcrk+d = 0 and
1
Rcrk+d
= 1
g1ρ
crk+d
1 + g2ρcr
k+d
2
= g
−1
1 (ρ
−1
1 )
crk+d
1 + g−11 g2(−A2ρ−21 )crk+d
= g
−1
1 ρ
−d
1 (ρ
−c
1 )
rk
1 + g−11 g2(−A2)crk+dρ−2d1 (ρ−c1 )2rk
,
where A2 = −ρ1ρ2 = ±1. Let
Φ0(x) =
∞∏
k=0
R
crk+d =0
(
1 + g
−1
1 ρ
−d
1 akx
rk
1 + g−11 g2(−A2)crk+dρ−2d1 x2rk
)
=
N−1∏
k=0
R
crk+d =0
(
1 + g
−1
1 ρ
−d
1 akx
rk
1 + g−11 g2(−A2)crk+dρ−2d1 x2rk
)
×
∞∏(
1 + g
−1
1 ρ
−d
1 akx
rk
1 + g−1g2(−A2)crk+dρ−2dx2rk
)
.k=N 1 1
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Φ0
(
ρ−c1
)= ∞∏
k=0
R
crk+d =0
(
1 + ak
Rcrk+d
)
.
By Theorems 1 and 7, we see that Φ0(ρ−c1 ) is algebraic if and only if one of the conditions (i),
(ii), and (iii) in Theorem 7 is satisfied. The condition (i) is the same as (i) in Theorem 3. The
condition (ii) implies that r = 2 and g−11 ρ−d1 an = 1 + g−11 g2(−A2)dρ−2d1 for every large n,
which is (ii) in Theorem 3. The condition (iii) implies that r = 2, g−11 g2(−A2ρ−21 )d = 1, and
g−11 ρ
−d
1 an = ω2
n +ω−2n for large n, where ω is a root of unity; which is (iii) in Theorem 3. The
proof is completed. 
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